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Abstract

In plasma chemistry, commercially available systems of combined ion energy and mass analyzers are commonly used for
plasma parameter control in processes like plasma supported film deposition or surface modifications. The usual way to measure
ion distribution functions by those analyzers is to change the reference potential of the analyzer thereby scanning the distribution
function. For interpreting measured ion distribution functions we describe the principle of such a combined ion mass and
energy analyzer and calculate the measured ion current and its relation to the ion distribution function. In this way, we show that
the measured ion current versus the reference potential of the energy analyzer represents avelocity distribution function versus
energy. Furthermore, we discuss in how far it is possible to evaluate from this velocity distribution function the total ion current
densities and the energy carried by the ions onto a surface exposed to plasma. (Int J Mass Spectrom 223–224 (2003) 679–693)
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Systems to measure ion distribution functions
have found growing interest during the last years.
The ion distribution function is considered to be
an important parameter for plasma-induced surface
modifications [1,2] and for plasma supported thin
film deposition[3–5]. Different systems are known
for measuring ion distribution functions: time of
flight spectrometers[6,7], retarding field analyz-
ers [8,9], and combined energy and mass analyzers
[1,2,10–15]. The simplest technique is the retarding
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field analysis. Here an ion current is measured as
a function of a retarding potential. The distribution
function is obtained from the derivative of this cur-
rent with respect to the potential. The dimensions
and the ion path lengths inside the analyzer can be
made very small. Thus, no differential pumping is
required. The whole analyzer can be mounted on a
moveable arm to scan large volume plasmas. This
technique can be even used in plasmas without ex-
ternal potential reference[16,17]. Its disadvantage is
that there is no mass discrimination. The so-called
plasma monitor omits this shortcoming. Such sys-
tems were already around 1970 described by Coburn
[10] and are nowadays commercially available. They
consist of a combination of a transverse electric field
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energy analyzer and a mass spectrometer, mostly a
quadrupole.

The ion current measured by a plasma monitor
is usually displayed versus energy and represents
a distribution function. There is some confusion in
the literature on the question which kind of distri-
bution function corresponds to this curve. Distribu-
tion functions are defined properly in kinetic theory
(see, e.g.[18]). The velocity distribution function
fv(r, v), for example, is the (particle) density in the
six-dimensional phase space (three velocity and three
configuration space components;Eq. (1)), while the
energy distribution functionfE(r, Ekin) is the density
in a four-dimensional space spanned by one kinetic
energy and three configuration space components
(Eqs. (23) and (24)). The dependence on the vectorr

is important, when the potential energyEpot locally
varies like in the case considered here.

In many papers, the ion distribution functions mea-
sured by plasma monitors are simply named energy
distributions [1,2,10–15]. No further explanation is
given whether this is justified and how the measured
curves relate to the distribution functions defined
in kinetic theory. This relation, however, must be
known, when comparing results of different measure-
ments or calculating ion densities and the ion fluxes
from the measured distribution functions. The aim of

Fig. 1. Scheme of a plasma monitor and typical axial potential course for measuring positive ions:V, electric potential;Vpl, plasma
potential;Vse, potential at the sheath edge;Vc, potential of the cap;Va , central potential of the energy analyzer.

this paper is to show what kind of ion distribution
function is measured with such a system. Examples
for calculating the total ion current and the average
ion energy from a measured distribution function are
shown inSections 5.1.3 and 5.1.4, respectively. It is
shown that these quantities can be obtained only un-
der very restricted conditions mostly not fulfilled in
usual measurements.

2. Plasma monitor

The scheme of a plasma monitoring system is shown
in Fig. 1. The whole set is situated in a separately
pumped box. Ions enter through a fine hole in the
cap. An ion optic, an energy analyzer, a quadrupole
for mass selection, and a detector are the four main
parts. Typically the energy analyzer is a cylindrical
mirror energy analyzer and the detector a secondary
electron multiplier detector or a Faraday cup. The ion
optic forms an ion beam out of the ions entering the
hole in the cap. A part of this beam can pass the energy
analyzer and the quadrupole and will finally reach the
detector. The formation of an ion beam is accompanied
by ion acceleration and deceleration that is a change
of the ion potential energy along the ion path. An
essential part of this paper is devoted to a consideration
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of the influence of this variation of the potential energy
on the measurement of the ion distribution functions.

In general, the distribution function measured can
be attributed to that of the ion flux bombarding the
cap, which in many cases is the only one of interest.
If the plasma monitor is used to investigate the flux
of positive ions from a plasma, the cap is in general
negatively biased with respect to the plasma and the
transition region in front of the cap consists of a space
charge sheath and a presheath[19] (seeFig. 1 and
Section 3) separating the analyzer from the bulk of the
plasma. In case of a collision-free sheath, the accord-
ing distribution function at the sheath edge can be de-
duced by considering also the ion acceleration in the
sheath. The modification of the distribution function
inside the presheath in most cases destroys any infor-
mation on the ion distribution function inside the bulk
plasma. By using a plasma monitor, the bulk plasma
distribution function can be obtained only under very
special conditions (see discussion below).

For the standard measurement of an ion distribu-
tion function, the reference potentials of the ion optic,
the cylindrical mirror analyzer, the quadrupole, and of
the detector are changed simultaneously. The relative
potentials of these components are kept constant dur-
ing the measurements. The ion current is measured
as a function of the reference potential of the energy
analyzer and represents the ion distribution function.
By multiplying this potential with the chargeq of the
ions, one gets the energy axis of the distribution func-
tion. A plasma monitor in general is suitable to mea-
sure positive and also negative ions. To switch from
one kind of ions to the other, all potentials inside the
plasma monitor and also the voltage across the sheath
have to be inverted. The discussion given here applies
for both kinds of ions if not otherwise stated.

3. Calculation of the ion current entering a
plasma monitor

3.1. General

We restrict ourselves to considering the transforma-
tion of the ion distribution function due to acceleration

and decelerations in homogenous electric fields with-
out the influence of collisions. This in general holds
true for the electric fields in the ion optical system in-
side the plasma monitor box. It may be valid also in
the space charge sheath if that is free of collisions. In
that case, our considerations also apply to the sheath.
However, the conditions inside the sheath and at its
boundary need special discussion. Those inside the
plasma monitor are well defined.

As mentioned above, the ionic distribution function
at the sheath edge can be evaluated from the mea-
surements, if the space charge sheath in front of the
entrance of the plasma monitor is collision free. This
distribution function can only be identified with that of
the respective ions inside the bulk plasma (or part of
it), if no presheath is established between the plasma
and the space charge sheath, i.e. only in rather rare
cases.

For positive ions there does not exist a presheath if

• the space charge sheath decelerates the ions, i.e. if
the entrance diaphragm is more positive than the
plasma potential including the limiting case that it
is on plasma potential;

• there are no electrons, only negative ions in the
plasma (this may happen in afterglows in elec-
tronegative gases)[20].

For negative ions there is no presheath, if the space
charge sheath accelerates them or they constitute the
only negative charge carriers in the plasma.

In all these cases, the distribution function at the
sheath edge can be considered to be isotropic.

In the most abundant case of positive ions acceler-
ated to the entrance of the plasma monitor, the dis-
tribution function at the sheath edge is established in
the presheath. This distribution function is in general
highly anisotropic. The ionic flow is a directional flow
from the plasma to the sheath edge. However, as the
presheath is in most cases collision dominated, there
is no way to evaluate from the distribution function
at the sheath edge the distribution function inside the
bulk of the plasma[21] because the information on
the plasma distribution function is almost completely
destroyed in the presheath.
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If there are collisions (mostly charge exchange)
in the space charge sheath, only the (in general
anisotropic) distribution function at the entrance of
the plasma monitor can be obtained from the mea-
surements. However, this is the distribution function
of the ions bombarding a surface exposed to the
plasma and for the plasma processes mentioned in the
introduction this is mostly the only distribution func-
tion of interest. (In case of a collision-free sheath, it
is straightforward to obtain this distribution function
from that at the sheath edge and vice versa by con-
sidering the acceleration in the sheath. This will be
discussed later on.)

The density dn of ions at a locationr having a
velocity in the interval between the vectorsv andv +
dv is given by

dn = fv(r, v)d3v. (1)

Here d3v is the volume element in the velocity space
spanned by the three components of the vector dv. The
velocity distribution functionfv(r, v) is in general an
explicit function of the components of the velocityv.
This is symbolized by writing the vectorv as the ar-
gument. We use as co-ordinates in velocity space the
spherical co-ordinatesv, ϕ andθ . Herev is the abso-
lute value ofv, i.e. the speed of the ions,ϕ andθ are the
Eulerian angles (Fig. 2). In these co-ordinates, we have

d3v = v2 sinθ dθ dϕ dv (2)

and fv(r, v) = fv(r, v, θ, ϕ). The particle current
density dj of ions having a velocity in the interval
betweenv andv + dv is given by

dj = v dn = vfv d3v = vv2fv sinθ dθ dϕ dv. (3)

If an infinitesimal surface element with the normal
vector dA is exposed to the ion flux, the ions with an
electric chargeq hitting this surface carry an electric
current

d(dI ) = q dj dA. (4)

The double differential shall symbolize that d(dI) is
differential in configuration space as well as in veloc-
ity space. In a stationary state, this differential current
is constant within the angle of acceptance throughout

the entire analyzer while the local distribution func-
tions, current densities, and the particle velocities,
respectively the kinetic energies may change accord-
ing to the changes of the potential energy (even when
assuming no collisions to occur along the ion path).

For the sake of simplicity, we assume the ion flux
to be homogeneous and the transmission probability
to be constant across the areaA (which we identify
with the entrance of the plasma monitor). Thus, the
integration ofEq. (4) across the areaA can be re-
placed by a multiplication with its magnitudeA and
taking the scalar product of the surface normal vec-
tor of A and dj . We choose our co-ordinate system
in such a way thatθ = 0 corresponds to the direction
of the surface normal ofA towards the plasma and
the angleϕ describes a rotation around this surface
normal (Fig. 2). Without much loss of generality, we
can assume thatfv(r, v) does not depend onϕ, i.e.
fv(r, v) = fv(r, v, θ). Thus, theϕ-integration yields
a factor 2π . Theθ -integration has to be extended from
an angleθ0(v) ≥ π /2 to π and we get

dI = 2πqA

{∫ π

θ0(ν)

dθ cosθ sinθv3fv(r, v)

}
dv. (5)

Fig. 2. Relation between cartesian and spherical co-ordinates and
definition of θ = 0.
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The factor cosθ is due to the scalar product of dj and
dA. The angleδ(v) = π − θ0(v) is the angular accep-
tance of the plasma monitor defined by the entrance
and exit apertures of the entire ion optical system. No-
tice that most authors define the angle 2δ(v) as the
angle of acceptance (Figs. 4 and 5).

Usually the angle of acceptance of a plasma moni-
tor is very small (of the order of 1◦ or less[22]), i.e.
δ(v) � π . Therefore, in the evaluation ofEq. (5), we
can replacefv(r, v, θ) by fv(r, v, π). Further,Eq. (5)
becomes easier to handle if we switch to the angle
θ ′, the velocityv′, and the velocity distribution func-
tion inside the energy analyzer of the plasma monitor
(co-ordinate vectorra), i.e. at the respective potential
Va used for setting for a specific ion group the kinetic
energy toε, the energy, at which ions can pass the
energy analyzer. Thus, we obtain

dI = 2πqA

{∫ π

θ ′
0(v

′)
dθ ′ cosθ ′ sinθ ′v′3fv(ra, v

′, π)

}
dv′.

(6)

Herera is a typical location inside the energy analyzer.
For θ = π , we have alsoθ ′ = π (acceleration in

forward direction). The ion current in general does not
change due to the acceleration or deceleration (as long
as the acceptance angle is not changed or some ions
are repelled). Thus, we do not need to write dI with
a prime inEq. (6). For small angles, the constancy
of the components of the momentum in the directions
perpendicular to that of the electric field leads to the
following relation between the anglesδ andδ′

δ(v) = δ′(v′)
v′

v
. (7)

The θ ′-integration inEq. (6) can be performed and
yields for smallδ′ the factor−δ′2/2. Thus,

dI = −δ′2(v)πqAv′3fv(ra, v
′, π)dv′ = qA djA (8)

is the current of ions through the entrance of the an-
alyzer (with δ′ measured in radian). Here djA is the
current density of ions with speeds at the entrance of
the plasma monitor corresponding to those betweenv′

andv′+dv′. The index ‘A’ shall indicate that only ions

whose velocity vector points into the cone defined by
π − δ′ ≤ θ ≤ π contribute to this current density.

For the integration ofEq. (8), we have to consider
the role of the energy analyzer. Its probability of trans-
mission is given by a transmission functionP(ε, E′

kin)

peaking atε. Hereε is the nominal kinetic energy to
which inside the monitor system the energy analyzer
is set. That is the energy the ions must have to pass
this analyzer. For example, ions entering the plasma
monitor with nearly zero kinetic energy must be ac-
celerated toε, those entering the analyzer box with an
energy larger thanε must be decelerated. The ion cur-
rent ID passing the analyzer system and reaching the
detector is given by the integral

ID =
∫

P(ε, E′
kin)dI. (9)

The integration extends over all energies for which
P(ε, E′) �= 0. We now get fromEqs. (8) and (9):

ID = −
(

2πqA

m2

)∫
δ′2(E′

kin)P (ε, E′
kin)

× E′
kinfv(ra, E

′
kin, π)dE′

kin. (10)

Here we have substituted the speedv′ by the corre-
sponding kinetic energyE′

kin = mv′2/2. However,fv

is still the velocity distribution function, but now it is
considered as a function of the kinetic energy. For the
further calculation ofID, we have to distinguish the
cases of high and low energy resolution of the energy
analyzer.

3.2. High energy resolution

If the energy resolution of the analyzer is suf-
ficiently high for investigating the structure of the
distribution function, i.e. if the half-width�E of the
transmission functionP(ε, E′

kin) is small as compared
to the half-width of the distribution function, one can
neglect the variation of the distribution function over
the integration interval and replace it under the integral
of Eq. (10)by its value atε. This usually is the tacitly
made assumption when considering a plasma monitor
as a means for measuring distribution functions. The
same holds true for the angle of acceptanceδ′ and its
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square. Thus, these functions do not depend on the
integration variable and we can replaceEq. (10)by

ID = −
(

2πqAδ′2(ε)
m2

)
fv(ra, ε, π)

×
∫

P(ε, E′
kin)E′

kin dE′
kin. (11)

This means that the current at the detector of the
plasma monitor is proportional to theforward part of
the velocity distribution function (i.e. atθ = π ) at the
energy defined by the potential settings of the energy
analyzer inside the plasma monitor.

The exact shape of the transmission function
does not influence the result. We, therefore, can re-
place the integral over the two-parametric function
P(ε, E′

kin) by the product of two parameters, namely
the half-width�Eε of the functionP(ε, E′

kin) and a
transmissionPε defined by

Pεε�Eε =:
∫

P(ε, E′
kin)E′

kin dE′
kin. (12)

This means that we replace the integrand ofEq. (12)
by a rectangle of heightPεε and width�Eε but with
the same area as the integrand. The indices indicate
that both parameters may depend onε. For instance,
cylindrical mirror energy analyzers in general have a
constant energy resolutionΓ = ε/�Eε [23]. UsingΓ

instead of�Eε, we obtain

ID = −
(

2πqAδ′2(ε)
Pε

mΓ

)
ε2fv(ra, ε, π). (13)

To get the distribution functions of the ions at the
sheath edge or at the entrance of the plasma moni-
tor, we have to replace the distribution function inside
the energy analyzer by that valid outside the plasma
monitor. Nowfv can be expressed as a solution of the
collision-free Vlasov-equation as long as collisions are
absent. It can be shown by very general considerations
that any solution of this equation can be expressed as
a sole function of the constants of motion[24]. In case
of acceleration or deceleration by an electric field de-
pending only on the space co-ordinate in forward or
backward direction (which we assume here) constants
of motion are, e.g. the total number of particles, the

total energy (i.e. the sum of kinetic and potential en-
ergy) and the momentum components perpendicular
to the direction of the electric field. For our conclu-
sions, this is a very important property of the velocity
distribution functions. To make its implications more
clear we consider the simplified case of an isotropic
distribution functionfv(r, v). Isotropic means thatfv

is an explicit function ofv only, not ofθ andϕ. Thus,
in this case

fv(r, v) = fv(r, v). (14)

The ion potential energy is a unique function ofr

and the kinetic energyEkin a unique function ofv.
Without loss of generality, we, therefore, can replace
fv(r, v) by a functionf̄v(Epot(r), Ekin(v)). If f̄v can
be written as a function of the total energyEtot =
Epot(r) + Ekin(v), i.e. if

f̄v(Epot(r), Ekin(v)) = f̄v(Epot(r) + Ekin(v) = Etot)

(15)

this means,f̄v does no longer depend onr. In case
of non-isotropic distribution functions, the situation
is more complicated because the functional depen-
dence off̄v on θ andϕ must be considered. We only
mention here that for accelerated ions the case of an
isotropic distribution function does not simply apply
(seeSection 5).

For the following, it is important to considerfv as
a function of the total energy. Thus

fv(ra, ε, π) = f̄v(ε + qVa, π). (16)

(Eq. (16)must be read as an equation of thefunctional
value of fv!). HereVa is the electric potential at which
the kinetic energy is equal toε when the total energy
is equal to (ε + qVa). The potentialVa may have pos-
itive or negative values. Besides, forθ = π , Eq. (14)
holds for all energiesε and anglesϕ, respectively,ϕ′

andθ , respectively,θ ′ for whichfv is defined atra as
well as atr [25]. It is the basic equation for all con-
siderations to follow. There exists no similar equation
for the energy distribution function or the distribution
function of the absolute values of the velocities (speed
distribution function)!
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By introducingEq. (16)into Eq. (13), we see that
the currentID at the detector is a function ofε as well
as of the potentialVa :

ID(ε, Va) = −
(

2πqAδ′2(ε)
Pε

m2Γ

)
× ε2f̄v(ε + qVa, π). (17)

A discussion ofEq. (17)is given inSection 4.

3.3. Low energy resolution

If the half-width of the distribution function is
small compared to the half-width of the transmission
function, we can in reverse neglect the variation of
the transmission functionP(ε, E′

kin) over the energy
range wherefv differs from zero, i.e. we can replace
P(ε, E′

kin) by its value atε + qVa and the integral in
Eq. (10)reduces to

ID(ε, Va) = −
(

2πq
A

m2

)
P(ε, ε + Va)

×
∫

fv(ra, E
′
kin, π)δ′2(ε)E′

kin dE′
kin.

(18)

Upon integration, we obtain

ID(ε, Va) = jAqAP(ε, ε + Va) (19)

wherejA is the (particle-)current density of ions with
velocities pointing into the cone defined byπ − δ ≤
θ ≤ π at the entrance of the plasma monitor. Here
ε defines the special setting of the energy analyzer
while ε + qVa defines the (total) energy of the ions.
As mentioned beforeVa is varied to scan the ion dis-
tribution function. It follows fromEq. (19) that it is
possible to measure the transmission function of the
analyzer by using an ion beam with a narrow distribu-
tion function and varyingVa and the energy of the ion
beam. This may be important in case of an ion flux
where bothP andfv have a half-width of the same
order of magnitude. Using an almost mono-energetic
ion beamP can be measured and used to deconvolute
ID for fv(ra, E

′
kin, π). This, however, will not be fur-

ther discussed here.

4. Interpretation of the measured ion
distribution functions

4.1. General consideration

When replacingVa by an arbitrary potentialV(r),
Eq. (16)can be used to evaluate at any potentialV(r),
i.e. at any locationr in the ion path the velocity dis-
tribution function as a function of the kinetic energy
by calculating the kinetic energy from the total energy
at that potential (as far as collisions are absent) if the
minimum kinetic energy of the ions is atV larger or
equal to zero. Negative kinetic energies are not de-
fined,fv(r, E′

kin, θ) ≡ 0 for E′
kin < 0. Into regions of

potential energy, higher than their total energy, ions
cannot enter. Thus, from an inspection of the shape
of the measured distribution function it is possible to
identify the potential at which the distribution func-
tion is finally established. It is the potential wherefv

becomes zero. The uttermost place for which this can
be done is at the sheath edge when the sheath is col-
lision free (see discussion above).

If the sheath edge potential is known, say from
probe measurements, by this simple criterion the ef-
fect of collisions in the space charge sheath can be
estimated: The amount of ions having undergone a
collision inside the sheath is given by that part of the
distribution function with total energies below that
corresponding to the sheath edge potential.

At comparatively high pressure, one may measure
sometimes distribution functions going to zero at a
total energy smaller than the potential energy cor-
responding to the electric potential of the entrance
diaphragm of the analyzer system. This indicates colli-
sions or charge exchange reactions in the unavoidable
gas stream entering the analyzer box from the plasma
side through the entrance hole. In this case, even
the distribution functions of the ions bombarding the
plasma-exposed surface of the analyzer entrance can
be evaluated only with some error because the distri-
bution functions obtain their final form inside the an-
alyzer box. The magnitude of the according error one
can estimate from the part of the measured distribution
function at total energies smaller than the potential
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energy corresponding to the potential of the entrance
cap.

FromEq. (17), we can see the trouble we get in by
trying to measure distribution functions by varying the
transmission energyε of the energy analyzer inside
the plasma monitor. The angular acceptance and the
transmission will change and both have to be known
as a function of the transmission energy to evaluate
the distribution function from the measured current.

The usual mode of operation of a plasma monitor is
to keepε constant and to vary the reference potential
Va of the analyzer. Then, according toEq. (17), the
measured current is proportional to thevelocity dis-
tribution function in forward direction. This kind of
measurement is illustrated inFig. 3a and b. The ions
pass the detector always with the same kinetic energy
ε. By changingVa , the potential of the analyzer, the
transmission energy is not changed. What changes is
the kinetic energy of the whole ensemble of ions at the
analyzer entrance. Thus, for each analyzer potential,
the ion current due to a different part of the ion distri-
bution functionfv(r, E′

kin, π) is measured. InFig. 3a,
the case of ions with an initial energy lower thanε is il-
lustrated. The potential energy at the analyzerqVa1 in
this case is negative in order to accelerate the ions. In
Fig. 3b, we show the case of ions having an initial en-
ergy higher thanε. Here the analyzer potential energy
qVa2 is positive and decelerates the ions. The values of
the measured ion distribution functionfv(ra, E

′
kin, π)

representfv(r, E′
kin, π). However, there is a caveat:

we assume in our consideration the transmission of
the ion optical system to be always the same. Strictly
speaking, this transition may depend on the kinetic en-
ergy of the ions at the entrance of the plasma monitor
and must be taken into account[22].

For calculating quantities like the total ion current or
the energy transferred to a plasma-exposed surface, the
distribution functionfv(r, E′

kin, θ ′)over the entire ve-
locity space is needed—not only in forward direction
that is not only forθ = π . We will call fv(r, E′

kin, θ ′)
the free space distribution function. It can be evaluated
from the measured curve only with some additional
knowledge on the type of the distribution function. The
problem is visualized inFigs. 4 and 5. Here an arbitrar-

Fig. 3. Illustration of the standard measurement of positive ions
with a plasma monitor set to a constant transmission energyε: E,
total energy, respectively, kinetic energy at zero potential energy;
the shaded area represents the interval of energies defined by
the transmission functionP(ε, E′

kin) at which ions can pass the
analyzer; ε + qVai, mean total energies of those ions; 0, zero
of total energyE, 0′, zero of kinetic energyE′ for ions at the
potentialsVai. (a) Ions are accelerated to pass the energy analyzer
(see potential curves inFig. 1); (b) ions are decelerated to pass
the energy analyzer.

ily chosen anisotropic distribution function 1 and its
shape 2 after acceleration by a voltageV are shown in
a three-dimensional plot. We consider the accelerated
function 2 to befv(ra, E

′
kin, θ ′) the one, we would get

at ra if the acceptance angle of the monitor wereπ /2,
i.e. if all accelerated ions could pass the entire moni-
tor system. However, only that part offv(ra, E

′
kin, θ ′)

lying in the cone defined byπ − δ′ ≤ θ ′ ≤ π reaches
the final detector. No information on the shape of the
distribution function outside this region is contained
in the measured curves. Such information, however,
is necessary if quantities like the energy deposited by
ions on a plasma-exposed surface or the distribution
function at the sheath-edge shall be deducted from the
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Fig. 4. Three-dimensional plot of an anisotropic velocity distribu-
tion function 1 before and 2 after acceleration by a voltageV over
the half-planesϕ = 0 andϕ = π . Two-dimensional plots obtained
by parallel projections are shown on the backside and front walls
of the co-ordinate system. At the bottom, a contour plot is given.

measured distribution function. This information can
be only obtained by a more or less educated guess or
by carefully analysing the fate of the ions inside the
presheath and the sheath.

An interesting feature of accelerated distribution
functions in velocity space can be seen inFig. 4on the

Fig. 5. Contour plot of an isotropic velocity distribution function
1 before and 2 after acceleration byV. The thin straight lines limit
that part of the distribution function that can enter an acceptance
angle δ of 100 mrad. The full lines are for the case that for the
accelerated particles the acceptance angle is independent of the
velocity; dotted lines are for the case thatbefore acceleration the
acceptance angle is independent of velocity.

two-dimensional parallel projection of the distribution
function to the back wall: in velocity space the accel-
erated distribution function is much narrower than the
original one. This effect is very well known and used
for the reduction of the Doppler-width of spectral lines
in optical spectroscopy[27,28]and for beam cooling
by accelerated electrons in accelerator physics.

5. Evaluation of free space distribution
functions

5.1. Isotropic free space distribution functions

5.1.1. Some general remarks
Up to now, we have developed an expression for

the ion current measured by a plasma monitor. The
current is proportional to that part of the velocity dis-
tribution function that passes the monitor and reaches
the detector. As the acceptance angle is very small,
one measures only the velocity distribution function
in forward direction. However, what is needed is the
entire free space distribution function of those ions
that bombard the entrance diaphragm or more gener-
ally a plasma-exposed surface. To construct it from
the measured part of the distribution function, we need
additional information. The simplest case would be if
we know that the free space distribution function is
isotropic where the acceleration starts. At the entrance
of the plasma monitor, an almost isotropic distribution
function can never exist if the entrance diaphragm is
biased. However, at the sheath edge such a distribution
function may exist if there is no presheath (see discus-
sion inSection 3). This situation can be analysed sim-
ply only if the sheath is collision free. This case can
be identified from the conditions of the plasma and
the shape of the measured distribution function. That
should consist of a single very sharp peak that has a
half-width small as compared to the electron temper-
ature (which of course must be known). This rather
rare case we will take as a model case because we
can give an unambiguous reconstruction recipe for the
free space distribution function—not only at the sheath
edge but also at the entrance of the monitor. This shall
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serve as a model case for the more difficult (and more
significant) general case of an unknown anisotropic
ion distribution function in the ion flux bombarding
the entrance diaphragm.

5.1.2. Reconstruction of the free space
distribution function

We consider ions accelerated from an isotropic free
space distribution function at zero potential energy by
a dc-potentialVa across the sheath and/or inside the
analyzer box towards the energy analyzer. The situa-
tion before and after acceleration is shown as a contour
plot in Fig. 5. Only half of the free space distribution
function 1 is accelerated, i.e. that part of it that is con-
stituted by ions having a non-zero velocity component
in the directionθ = π . This corresponds to the angu-
lar rangeπ/2 < θ ≤ π . Accelerated ions never obey
an isotropic distribution function—even before accel-
eration. The contour plot of the distribution function
of the accelerated ions like that of the free space distri-
bution function consists of spheres concentric around
the pointv = 0. The distribution function of the ac-
celerated ions can again be considered as part of an
isotropic distribution function. This can be understood
as follows: before acceleration in velocity space, the
points representing ions with the same kinetic energy
Ekin1 are all situated on a spherical half shell defined
by v = (2Ekin1/m)1/2, π ≥ θ ≥ π/2. After accel-
eration by a voltageVa , all these ions again have the
same kinetic energy namelyEkin1 + qVa . The points
representing them again are situated on part of a
spherical shell defined byv = (2[Ekin1+qVa ]/m)1/2,
π ≥ θ ≥ arccos(−[Ekin1 + qVa ]−1/2). This is
shown in Fig. 5. The anisotropy of the accelerated
distribution function comes only from the fact that
a well-defined part of the velocity space is empty.
The shape of thevelocity distribution function ver-
sus total energy,f̄v, does not change when it is
accelerated (Eq. (16)). This was demonstrated in
Fig. 3: distribution functions at different locations
with different potential energy differ only by the zero
points of the energy scales. Thus,f̄v can be recon-
structed at any potential if only its value forθ = π is
known.

According to the energy principle, there is after ac-
celeration no ion with a velocityv′ having in the di-
rectionθ ′ = π a component smaller than (2qV/m)1/2.
If δ′ is the angle of acceptance of the analyzer system
only that part of the accelerated distribution function
within a cone with the angleδ′ is finally measured.
The cross section of this cone in the half-planesϕ = 0
andϕ = π of the velocity space is shown inFig. 5for
the caseδ′ = 100 mrad. We have chosen this compar-
atively large angel of acceptance to make clearer all
phenomena occurring. In usual commercial systems,
δ′ is of the order of 10 mrad or less and the approxi-
mations used in the previous section apply.

A more rigorous treatment has to integrate the dis-
tribution function over the angleθ ′ from π − δ′ to
π to obtain the measured distribution function. This
yields a factor (1− cosδ′) if fv is isotropic over this
range. However, for velocitiesv′ having an absolute
value smaller than (2qV/m)1/2/cosδ′ the lower limit
of integration has to be replaced byπ − θ ′

g, where

cosθ ′
g = (2qV/mv′2)1/2. This is due to the fact that

the distribution function of the accelerated ions is lim-
ited to the rangeπ − θ ′

g ≤ θ ′ ≤ π (see [25] for
details). Thus, the integration yields over the veloc-
ity range (2qV/m)1/2 ≤ |v′| ≤ (2qV/m)1/2/cosδ′,
the velocity and acceleration voltage dependent factor
{1− (2qV/mv′2)1/2} forcing the measured function to
go to zero atmv′2/2 = qV. If δ′ is sufficiently small
this effects only a slight smoothing of the low energy
shoulder of the measured distribution function, which
can be neglected because the smoothing by the finite
energy resolution of the energy analyzer is in gen-
eral much more effective. Even in the case shown in
Fig. 5, with δ′ = 100 mrad, the influence of this ef-
fect on the measured distribution function is negligi-
bly small as 1/cos(100 mrad) = 1.005. (If, however,
the angular acceptance of the system becomes of the
order ofπ /2 this effect has to be taken into account.)
In the case considered here, the measured distribution
function represents in good approximation the veloc-
ity distribution function in forward direction which for
an isotropic distribution function in free space repre-
sents the velocity distribution function over the entire
velocity space (as far as it is occupied).
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5.1.3. Total ion current
In the case of an isotropic free space distribution

function, it is easy to calculate from the measured dis-
tribution function the total ion current and the average
and total ion energy at the surface behind which the
measurements are performed because we can simply
make a transformation of the distribution function
back to the starting place where it is isotropic, i.e.
integrate overfv(r, v)instead of overfv(ra, v

′).
For calculating the total ion (particle) current den-

sity j of ions with the massm onto a surface at the
potentialVc we have to integrate dj over one-half of
the velocity space, which means that theθ integration
extends over the rangeπ/2 < θ ≤ π with the limits of
the other integrations unchanged. Thisθ integration is
very simple becausefv does not depend onθ . Thus,
the absolute value of the current densityj is given by

dj = 2π

∫ π

π/2
dθ cosθ sinθv3fv(r, v) dv. (20)

Substitutingv by the kinetic energymv2/2 and replac-
ing fv by f̄v and integrating overθ andVa (ε is con-
stant) yields:

j = 2π

m2

∫ qVa=∞

qVa=−ε

(ε + qVa)f̄v(ε + qVa)d(qVa).

(21)

With Eq. (17)now

j = Γ

Aqδ′2Pεε2

∫ qVa=∞

qVa=−ε

(ε + qVa)ID(ε, Va)d(qVa).

(22)

Here the zero ofVa is defined in such a way that
the original isotropic free space distribution function
occurs at a space potential equal to−ε/q. That means
the potential at which the free space isotropic distri-
bution function occurs is defined as the zero of the
potential energy. (If one wants to define the zero po-
tential energy in a different way, e.g. by the potential
of a grounded electrode, an according linear trans-
formation of the energy scale is necessary.)Eq. (22)
is suitable to calculate the ion current onto a surface
having a potential energy equal to or lower than that

corresponding to the plasma potentialVpl. If the po-
tential energy at the surface is more positive than the
plasma potential energyqVpl, the sheath retards ions
and the calculation is not valid any more because it
does not consider slow ion reflection at regions of
positive potential energy.

5.1.4. Mean and total ion energy
The mean kinetic energy〈E〉 of ions arriving at a

surface at a potentialVc can be expressed by

〈E〉 =
∫ j (E=∞)

j (E=0) Ekin(Vc)dj∫ j (E=∞)

j (E=0) dj
. (23)

HereEkin(Vc) is the ion kinetic energy at the potential
Vc. It is given by

Ekin(Vc) = ε + q(Va − Vc).

Thus, according toEqs. (18)–(20), the mean kinetic
energy〈E〉 is given by

〈E〉 =

∫ qVa=∞
qVa=−ε

(ε + qVa − qVc)(ε + qVa)

ID(ε, Va)d(qVa)∫ qVa=∞
qVa=−ε

(ε + qVa)ID(ε, Va)d(qVa)
. (24)

It is sometimes claimed that the center of gravity of the
area below the measured curve gives the mean energy.
From Eq. (24), it is obvious that this is not correct.
An example is given inFig. 6. Whereas the center of
gravity is at 16.5 eV the mean energy is〈E〉 = 20 eV
at zero potential energy. For strongly accelerated ions,
this difference may be small if the common energy is
small as compared to the energy spread described by
the distribution function. The total energy flux due to
the ion current to a surface at a potentialVc is given
by the kinetic energy times the total ion current and
therefore proportional to the numerator inEq. (24).

5.2. Anisotropic free space distribution functions

A typical example of an anisotropic distribution
function is that of the positive ions at the edge of a
space charge sheath. These ions’ distribution function
has been changed in the presheath and is in general
highly anisotropic. It may have some similarity to that
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Fig. 6. Typical shape of ion distribution functions measured at
a negatively biased wall[8,9,26]. Indicated in the figure are the
center of gravity at 16.5 eV and the mean energy of the ions〈E〉 at
20 eV calculated by assuming an isotropic free space distribution
function.

of a drifting ion swarm[29]. The anisotropy increases
further in the space charge sheath.

The distribution function measured is the velocity
distribution function in forward direction as in the
case of isotropic distribution functions. If there are
no collisions in the space charge sheath, it is possible
by usingf̄v to trace back from the measured function
to the distribution function in forward direction at the
sheath edge if the potential at this location is known
as described in the previous section. In any other case,
only the distribution function at the entrance of the
plasma monitor system, i.e. the distribution function
of the ions bombarding the entrance diaphragm and
any surface having the same potential can be obtained
from the measured distribution function. However, as
long as there is no additional information on the type of
anisotropy of the distribution function, it is impossible
to reconstruct the entire free space distribution func-
tion from the measured curves. Thus, it is in general
not possible to calculate quantities like the total ion
current (which may be used for calculating the plasma
density) or the average ion energy. Even the energy
distribution function cannot exactly be obtained from
the measurements because information on the energy
content of the degrees of freedom for movement in
the directions perpendicular to the directionθ = π

are missing. If the space charge sheath is not colli-

sion free, experiments and computer simulations have
shown that this energy cannot be neglected[29,30]. It
comes from scattering of the ion momentum in elastic
and charge transfer collisions. The sometimes-heard
opinion that charge exchange reactions occur without
momentum transfer between the colliding particles is
not exactly true[31,32]. Jane and Huth for instance
[22] found angular ion distributions having for dis-
tinct energies in the range of 100–300 eV, a minimum
in forward direction and peaking around±1◦. In an
inductively coupled plasma, Woodworth et al.[33]
found behind a collision-free sheath angular distribu-
tions with a half-width between 6 and 7.5◦ i.e., about
six times broader than the acceptance angle of a typi-
cal plasma monitor. Modelling the effects of collisions
and charge exchange reactions inside the sheath on the
ion angular distributions Kushner found for the case of
a capacitively coupled discharge angular distributions
with half-width of the order of 5–8◦. The half-width
increased with increasing pressure; however, the an-
gular distributions peaked at 0◦ [34]. Several other
authors found similar results[35–37]. The effect of
elastic collisions turned out to be a reduction of the
number of ions arriving at normal incidence. These
examples show that the ion angular distributions
though very anisotropic and peaking in forward direc-
tion are much broader than the acceptance angle of a
plasma monitor.

Thus, an unambiguous evaluation of the energy dis-
tribution function of the ions is not possible except
one measures the angular variation of the distribution
function by a tiltable analyzer as Janes and Huth did
[22]. The same holds true also for calculating mean
values like the average energy transport from a plasma
to a wall. In case of only few collisions in the space
charge sheath, one may much more reliably estimate
the energy transport by simply taking the product of
the total electric current to the wall and the sheath
voltage (if that is known). This estimate takes into ac-
count both the energy transport by ions and that by fast
neutrals produced in charge exchange reactions. For
a determination of the energy transport to a substrate
measured by the temperature change at the substrate
in a magnetron-sputtering device see[38].
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6. Conclusions

Compared to a measurement by varyingε measur-
ing ion distribution functions with a plasma monitor
by varyingVa has the advantage that the transmission
function of the analyzer is independent of the ion
energy in the original distribution. The transmission
of the ion optical system may change when changing
Va ; however, these changes can be made small if the
optical system is constructed according to the state of
the art[39,40].

Following our calculation, the ion velocity distri-
bution in forward direction and not the energy distri-
bution function is measured by varyingVa . The same
kind of distribution functions is measured with a re-
tarding field analyzer[8,9]. For different discharges
[1,2,10–15], the velocity and not the energy distribu-
tion function have been published. The relation be-
tween energy distribution functionfE(r, E) and ve-
locity distribution functionfv(r, [2Ekin/m]1/2, ϕ, θ)

is:

fE(r, Ekin) =
(

2Ekin

m3

)1/2 ∫ 2π

0
dϕ

∫ π

0
dθ sin(θ)

× fv

(
r,

√
2Ekin

m
, ϕ, θ

)
. (25)

Here Ekin is the kinetic energy at zero potential en-
ergy. In case of an isotropic distribution function, i.e.
if fv(r, v) = fv(r, v), the integration over the an-
gles can be performed and yields a factor 4π . Thus,
Eq. (25)reduces to

fE(r, Ekin) = 4π

(
2Ekin

m3

)1/2

fv

(
r,

[
2Ekin

m

]1/2
)

.

(26)

As an example inFig. 7, the energy distribution
function corresponding to the velocity distribution
function ofFig. 6 is shown assuming that the original
velocity distribution function is isotropic in velocity
space. Notice that the shape (Fig. 6) and the abso-
lute values (Eq. (26)) are different for both types of
distribution functions.

Fig. 7. Energy distribution function corresponding to the curve
shown inFig. 6 assuming an initially isotropic free space distri-
bution function (Eq. (26)).

In conclusion, plasma monitors described in this
paper do not measure the ion energy distribution
function directly. Due to their small acceptance an-
gle, practically the velocity distribution function in
forward direction is measured. In case of isotropic
distribution functions, the relation between velocity
and energy distribution functions looks comparatively
simple. This relation would be similarly simple for
anisotropic distribution functions if the integral over
a solid angle of 2π could be directly measured. This
would be the case if the acceptance angle of the mon-
itor were δ = π /2 and the energy analyzer sensitive
to the entire kinetic energy of an ion, not only to the
kinetic energy due to only one velocity component
(as in the case of a retarding field analyzer). However,
even in these cases the reliability of calculating the
energy distribution function depends on the error in
determining the zero of the kinetic energy.

Due to the influence of a presheath on the ion dis-
tribution functions, the case of an isotropic free space
distribution function is very rare. We are not aware
of any general recipe for determining from the for-
ward part of an anisotropic distribution function the
complete free space distribution function—even at the
surface of a plasma-exposed wall. Obviously, there is
a need for an at least two-dimensional kinetic theory
of the ion velocity distribution function in a presheath
and in a collision dominated space charge sheath.

Our considerations are based on a formulation
of the velocity distribution function in spherical
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co-ordinates. This comparatively easily leads to
Eq. (16), which makes a transformation of the dis-
tribution function from one place to the other very
simple. The same does not hold true if the distribution
function is formulated in cartesian co-ordinates and a
one-dimensional energy distribution is defined by ne-
glecting the energy stored in momentum components
perpendicular to the direction of acceleration (see
[41,42]). As usual plasma monitors do not measure
the part neglected, it is difficult to get an estimate of
the error inherent in this definition. Nevertheless, this
type of distribution function may be an approxima-
tion, valid as long as the energy gained by acceleration
is large as compared to the energy stored in the mo-
menta perpendicular to the direction of acceleration.
However, the expression for this one-dimensional en-
ergy distribution function is very different from the
generally accepted one given inEqs. (25) and (26).
To our knowledge, the relation between these differ-
ent expressions has not been given and it is not clear
to us. It seems to us that great caution is necessary
when using this type of distribution function espe-
cially when transforming the distribution function to
positions with higher potential energy.
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